Offensive alliances in cubic graphs by Rodriguez, J. A. & Sigarreta, J. M.
ar
X
iv
:m
at
h/
06
10
02
3v
1 
 [m
ath
.C
O]
  3
0 S
ep
 20
06 Offensive alliances in cubic graphs
J. A. Rodr´ıguez∗
Department of Computer Engineering and Mathematics
Rovira i Virgili University of Tarragona
Av. Pa¨ısos Catalans 26, 43007 Tarragona, Spain
J. M. Sigarreta†
Department of Mathematics
Carlos III University of Madrid
Avda. de la Universidad 30, 28911 Legane´s (Madrid), Spain
Abstract
An offensive alliance in a graph Γ = (V,E) is a set of vertices S ⊂ V
where for every vertex v in its boundary it holds that the majority
of vertices in v’s closed neighborhood are in S. In the case of strong
offensive alliance, strict majority is required. An alliance S is called
global if it affects every vertex in V \S, that is, S is a dominating set
of Γ. The global offensive alliance number γo(Γ) (respectively, global
strong offensive alliance number γoˆ(Γ)) is the minimum cardinality of
a global offensive (respectively, global strong offensive) alliance in Γ.
If Γ has global independent offensive alliances, then the global inde-
pendent offensive alliance number γi(Γ) is the minimum cardinality
among all independent global offensive alliances of Γ. In this paper we
study mathematical properties of the global (strong) alliance number
of cubic graphs. For instance, we show that for all connected cubic
graph of order n,
2n
5
≤ γi(Γ) ≤
n
2
≤ γoˆ(Γ) ≤
3n
4
≤ γoˆ(L(Γ)) = γo(L(Γ)) ≤ n,
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where L(Γ) denotes the line graph of Γ. All the above bounds are
tight.
Mathematics Subject Classification: 05C69; 15C05
Keywords: offensive alliance, global alliance, domination, independence
number, cubic graphs.
1 Introduction
The study of defensive alliances in graphs, together with a variety of other
kinds of alliances, was introduced in [6]. In the cited paper there was initiated
the study of the mathematical properties of alliances. In particular, several
bounds on the defensive alliance number were given. The particular case of
global (strong) defensive alliance was investigated in [5] where several bounds
on the global (strong) defensive alliance number were obtained. In [7] there
were obtained several tight bounds on different types of alliance numbers
of a graph, namely the (global) defensive alliance number, (global) offensive
alliance number and (global) dual alliance number. In particular, there was
investigated the relationship between the alliance numbers of a graph and its
algebraic connectivity, its spectral radius, and its Laplacian spectral radius.
A particular study of the alliance numbers, for the case of planar graphs, can
be found in [8]. For the study of offensive alliances we cite [3, 4, 13] and for
the study of alliances in trees we cite [2, 3, 8]. For the study of alliance free
sets and alliance cover sets we cite [10, 11, 9] and, finally, for the study of
defensive alliances in the line graph of a simple graph we cite [12]. The aim
of this work is to study global offensive alliances in cubic graphs.
2 Preliminary Notes
In this paper Γ = (V,E) denotes a simple and connected graph of order n and
L(Γ) denotes the line graph of Γ. The degree of a vertex v ∈ V will be denoted
by δ(v) and the subgraph induced by a set S ⊂ V will be denoted by 〈S〉. For
a non-empty subset S ⊂ V , and a vertex v ∈ V , we denote by NS(v) the set
of neighbors v has in S: NS(v) := {u ∈ S : u ∼ v}. Similarly, we denote by
NV \S(v) the set of neighbors v has in V \S: NV \S(v) := {u ∈ V \S : u ∼ v}.
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The boundary of a set S ⊂ V is defined as ∂(S) :=
⋃
v∈S
NV \S(v).
A non-empty set of vertices S ⊂ V is called offensive alliance if and only
if for every v ∈ ∂(S), |NS(v)| ≥ |NV \S(v)| + 1. That is, a non-empty set of
vertices S ⊂ V is called offensive alliance if and only if for every v ∈ ∂(S),
2|NS(v)| ≥ δ(v) + 1.
An offensive alliance S is called strong if for every vertex v ∈ ∂(S),
|NS(v)| ≥ |NV \S(v)| + 2. In other words, an offensive alliance S is called
strong if for every vertex v ∈ ∂(S), 2|NS(v)| ≥ δ(v) + 2.
The offensive alliance number (respectively, strong offensive alliance num-
ber), denoted ao(Γ) (respectively, aoˆ(Γ)), is defined as the minimum cardi-
nality of an offensive alliance (respectively, strong offensive alliance) in Γ.
A non-empty set of vertices S ⊂ V is a global offensive alliance if for every
vertex v ∈ V \S, |NS(v)| ≥ |NV \S(v)|+1. Thus, global offensive alliances are
also dominating sets, and one can define the global offensive alliance number,
denoted γo(Γ), to equal the minimum cardinality of a global offensive alliance
in Γ. Analogously, S ⊂ V is a global strong offensive alliance if for every
vertex v ∈ V \ S, |NS(v)| ≥ |NV \S(v)| + 2, and the global strong offensive
alliance number, denoted γoˆ(Γ), is defined as the minimum cardinality of a
global strong offensive alliance in Γ.
The independence number α(Γ) is the cardinality of the largest indepen-
dent set of Γ. A set is an independent offensive alliance in Γ if it is an
offensive alliance and it is an independent set. If Γ has independent offen-
sive alliances, then the independent offensive alliance number ai(Γ) is the
minimum cardinality among all independent offensive alliances of Γ. The
domination number of Γ, denoted γ(Γ), is the minimum cardinality of a
dominating set in Γ. The independent domination number i(Γ) is the mini-
mum cardinality among all independent dominating sets of Γ. If Γ has global
independent offensive alliances, then the global independent offensive alliance
number γi(Γ) is the minimum cardinality among all independent global of-
fensive alliances of Γ. Thus, γ(Γ) ≤ γo(Γ) ≤ γi(Γ) ≤ α(Γ), ai(Γ) ≤ γi(Γ)
and i(Γ) ≤ γi(Γ).
In this paper we study mathematical properties of the global (strong)
alliance number of cubic graphs. For instance, we show that for all connected
cubic graph of order n,
2n
5
≤ γi(Γ) ≤
n
2
≤ γoˆ(Γ) ≤
3n
4
≤ γoˆ(L(Γ)) = γo(L(Γ)) ≤ n.
All the above bounds are tight.
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3 Main Results
These are the main results of the paper.
Theorem 3.1. Let Γ be a connected cubic graph of order n.
1. n
2
≤ γoˆ(Γ) ≤
3n
4
.
2. γoˆ(Γ) =
n
2
if and only if Γ is a bipartite graph.
3. γoˆ(Γ) =
3n
4
if and only if Γ is isomorphic to the complete graph K4.
Proof.
1. If Γ = (V,E) is δ-regular, then S ⊂ V is a δ-dominating set if and only
if V \S is an independent set. Therefore,
γδ(Γ) + α(Γ) = n. (1)
Moreover, if Γ is a cubic graph, a set S ⊂ V is a strong offensive alliance
if and only if S is a 3-dominating set. Therefore,
γ
3
(Γ) = γoˆ(Γ) = n− α(Γ). (2)
Finally, as for all δ-regular graph Γ, α(Γ) ≤ n
2
, the bound follows.
On the other hand, for all global strong offensive alliance S such that
|S| = γ0ˆ(Γ), V \S is an independent set. Thus,
3n
2
≤ 3(n − γ0ˆ(Γ)) +
γ0ˆ(Γ). Hence, the upper bound follows.
2. If Γ = (V,E) is a bipartite cubic graph, then each set of the biparti-
tion of V is a strong global offensive alliance in Γ of cardinality n
2
, so
γ0ˆ(Γ)) =
n
2
. Conversely, if S is a 3-dominating set of cardinality n
2
in a
cubic graph, then the edge-cut between S and V \S has size 3n
2
. Hence,
both, S and V \S, are independent sets, so Γ is a bipartite graph.
3. We only need to show that α(Γ) = n
4
⇒ Γ ∼= K4. Suppose Γ ≇ K4. If
X is an independent set such that |X| = α(Γ) = n
4
, then 〈V \X〉 is the
disjoin union of cycles. Let xi be the number of cycles of length i in
V \X , i = 3, ..., 3n
4
. Thus,
∑
ixi =
3n
4
4
If xi > 0, for some i > 3, then
∑
3
⌊
i
2
⌋
xi >
∑
ixi =
3n
4
.
Thus,
α (〈V \X〉) =
∑⌊ i
2
⌋
xi >
n
4
.
Therefore, xi = 0, for all i > 3. Let Yi ⊂ V \X such that 〈Yi〉 ∼= K3,
i = 3, ..., n
4
. Let x ∈ X . As Γ is connected and Γ ≇ K4, 〈Yi∪{x}〉 ≇ K4
and, in consequence, α (〈Yi ∪ {x}〉) = 2, ∀i. LetW = {x, y1, y2, ..., yn
4
},
where yi ∈ Yi and yi ≁ x. AsW is an independent set, the result follows
by contradiction.
It is well-known that the independent set problem is NP-complete [1].
Hence, a direct consequence of (2) is the following:
Remark 3.2. The minimum global strong offensive alliance problem is
NP-complete.
There are some classes of cubic graphs in which we can compute the global
strong offensive alliance number in terms of the order. For instance, if Γ =
L(Γ1) is a cubic graph of order n ≥ 6, then we have γ0ˆ(Γ) = 2γ0ˆ(Γ1) =
2n
3
.
That is, Γ1 = (V,E) is a bipartite semiregular graph of degrees 2 and 3. If
V3 ⊂ V denotes the vertex-set of degree 3 in Γ1, then γ0ˆ(Γ1) = |V3| = α(Γ).
On the other hand, |V3| =
n
3
. Therefore, γ0ˆ(Γ) = n − α (Γ)) = 3γ0ˆ(Γ) −
γ0ˆ(Γ) =
2n
3
. Notice that in this class of graphs are included the cubic graphs
of order n ≥ 6 having n
3
independent triangles1.
Theorem 3.3. [7, 13] Let Γ be a simple graph of order n and minimum
degree δ. Let µ be the Laplacian spectral radius of Γ. Then
n
µ
⌈
δ + 1
2
⌉
≤ γo(Γ) ≤
n(2µ− δ)
2µ
.
Corollary 3.4. Let Γ be a δ-regular graph of order n. Then
n
4
⌈
2δ − 1
2
⌉
≤ γo(L(Γ)) ≤
n(δ + 1)
4
.
1A set of triangles is independent if it contains no common vertices.
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Proof. We denote by A the adjacency matrix of L(Γ) and by 2(δ − 1) =
λ0 > λ1 > · · · > λb = −2 its distinct eigenvalues. We denote by L the
Laplacian matrix of L(Γ) and by µ0 = 0 < µ1 < · · · < µb its distinct
Laplacian eigenvalues. Then, since L = 2(δ − 1)In − A, the eigenvalues of
both matrices, A and L, are related by
µl = 2(δ − 1)− λl, l = 0, . . . , b. (3)
Thus, the Laplacian spectral radius of L(Γ) is µb = 2δ. Therefore, the result
immediately follows
In the case of regular graphs of even degree all global offensive alliance is
strong. Hence we have γo(Γ) = γoˆ(Γ). Therefore, by Corollary 3.4 we obtain
that if Γ is a cubic graph, then
3n
4
≤ γoˆ(L(Γ)) = γo(L(Γ)) ≤ n. (4)
The above bounds are tight. Example of equality in above upper bound
is the complete graph of order 4: γo(L(K4) = 4 = n. In the case of the
bipartite complete graph Γ = K3,3 we have γo(L(K3,3)) = 5 and the above
lower bound gives 9
2
≤ γo(L(K3,3)).
Theorem 3.5. [13] For all graph Γ of order n, minimum degree δ and
maximum degree ∆,
2n
3
≥ γ0(Γ) ≥


⌈
n(δ+1)
2∆+δ+1
⌉
if δ odd;
⌈
nδ
2∆+δ
⌉
otherwise;
As we show in the following result, the bound γo(Γ) ≤
2n
3
is improved for
the case of regular graphs of odd degree.
Theorem 3.6. For all regular graph Γ of order n and odd degree δ,
n(δ + 1)
3δ + 1
≤ γo(Γ) ≤
n
2
.
Proof. The lower bound is a particular case of Theorem 3.5. Let {X, Y } be
a bipartition of V such that |X| = |Y | = n
2
and the edge-cut between X
and Y has maximum size. If neither X nor Y are global offensive alliances
in Γ, then there exist x ∈ X and y ∈ Y such that |NY (x)| ≤ |NX(x)| and
|NX(y)| ≤ |NY (y)|. Since Γ is regular of odd degree, |NY (x)| < |NX(x)| and
|NX(y)| < |NY (y)|. Thus, by contradiction we deduce the result.
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In the case of cubic graphs we have,
2n
5
≤ γo(Γ) ≤
n
2
. (5)
Example of equality in above upper bound is the family of cubic graphs
Γ = Cr ×K2, where Cr denotes the r-cycle graph. In this case γo(Γ) = r.
Proposition 3.7. Let Γ be a cubic graph of order n. All global offensive
alliance in Γ of cardinality 2n
5
is an independent set.
Proof. Let X ⊂ V be a global offensive alliance in Γ of cardinality 2n
5
. Let c
be the size of the edge-cut between X and V \X .As X is a 2-dominating set,
23n
5
≤ c. Moreover, c ≤ 32n
5
, so the size of 〈X〉 is zero.
A set nonempty set S ⊆ V is a strong defensive alliance in Γ if for every
v ∈ S, 2|NS(v)| ≥ δ(v). A set X ⊆ V is strong defensive alliance free if
for all strong defensive alliance S, S \ X 6= ∅, i.e., X do not contain any
strong defensive alliance as a subset [10]. A strong defensive alliance free set
X is maximal if for all v /∈ X , exists S ⊆ X such that S ∪ {v} is a strong
defensive alliance. A maximum strong defensive alliance free set is a maximal
strong defensive alliance free set of largest cardinality. We denote by φ0(Γ)
the cardinality of a maximum strong defensive alliance free set of Γ.
Similarly, a set Y ⊆ V is a strong defensive alliance cover if for all strong
defensive alliance S, S ∩Y 6= ∅, i.e., Y contains at least one vertex from each
strong defensive alliance of Γ. A strong defensive alliance cover Y is minimal
if no proper subset of Y is a strong defensive alliance cover. A minimum
strong defensive alliance cover is a minimal cover of smallest cardinality. We
will denote by ζ0(Γ) the cardinality of a minimum strong defensive alliance
cover of Γ.
Lemma 3.8. [9] If X ⊂ V is a global offensive alliance in Γ = (V,E),
then the set V \X is strong defensive alliance free in Γ.
Lemma 3.9. [10] If each block2 of Γ is an odd clique or an odd cycle, then
φ0(Γ) ≤ ζo(Γ).
Theorem 3.10. Let Γ be a cubic graph of order n. If each block of Γ is
an odd cycle, then
γo(Γ) =
n
2
.
2A block is a maximal 2-connected subgraph of a given graph Γ.
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Proof. By Lemma 3.9 and φ0(Γ) + ζ0(Γ) = n we have φ0(Γ) ≤
n
2
. Moreover,
by Lemma 3.8 we have n − γo(Γ) ≤ φ0(Γ). Hence, γo(Γ) ≥
n
2
. By Theorem
3.6 we conclude the proof.
3.1 Independent offensive alliances
As a consequence of Theorem 3.1 we obtain the following result.
Corollary 3.11. Let Γ be a cubic graph. Γ has a global strong independent
offensive alliance if and only if Γ is a bipartite graph.
Proof. In the case of cubic graphs we have n
2
≤ γoˆ(Γ) and α(Γ) ≤
n
2
. Both
equalities holds true if and only if Γ is a bipartite graph.
In the case of a bipartite cubic graph we have,
γi(Γ) = γo(Γ) = γoˆ(Γ) = γ(Γ) = α(Γ) =
n
2
.
For all graph having independent offensive alliances we have γo(Γ) ≤
γi(Γ). Example of equality is the Petersen graph O3 and the class of bipartite
cubic graphs. Obviously, if α(Γ) < γo(Γ), then Γ do not contains global
independent offensive alliances. Examples of graphs having α(Γ) < γo(Γ) are
the graphs isomorphic to C2k+1×K2. In this case 2k = α(Γ) < γo(Γ) = 2k+1.
Theorem 3.12. Let Γ = (V,E) be a cubic graph of order n. If Γ has a
global independent offensive alliance, then:
1. 2n
5
≤ γi(Γ) ≤
n
2
.
2. γi(Γ) =
n
2
if and only if Γ is a bipartite graph.
3. γi(Γ) =
2n
5
if and only if there exists an independent set X ⊂ V such
that 〈V \X〉 is a 1-factor of size 3n
10
.
Proof. Let Γ = (V,E) be a cubic graph of order n.
1. If Γ has a global independent offensive alliance, then 2n
5
≤ γo(Γ) ≤
γi(Γ) ≤ α(Γ) ≤
n
2
.
2. If X ⊂ V is an independent set, then V \X is a 3-dominating set of Γ.
Hence, if |X| = n
2
, the edge-cut between X and V \X has size 3n
2
, so Γ
is a bipartite graph. Conversely, if Γ is a bipartite cubic graph, then
γi(Γ) =
n
2
.
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3. Let X be a global independent offensive alliance in Γ such that |X| =
2n
5
. The edge-cut between X and V \X has size 32n
5
. Since |V \X| = 3n
5
and X is a 2-dominating set, each vertex of V \X have one neighbor in
V \X , so 〈V \X〉 is a 1-factor of size 3n
10
. The converse is immediate.
Corollary 3.13. Let Γ be a cubic graph of order n. If α(Γ) < 2n
5
, then Γ
do not contains global independent offensive alliances.
Examples of graphs having α(Γ) < 2n
5
are the complete graph, K4, and
the graph Γ = K3 ×K2.
Theorem 3.14. Let Γ be a cubic graph of order n. If ai(Γ) < γi(Γ), then
n + 2
4
≤ ai(Γ) ≤
n− 2
2
.
Proof. If S ⊂ V is an independent set in Γ = (V,E), then
3n
2
= 3|S|+
∑
v∈V \S |NV \S(v)|
2
. (6)
Moreover, if S ⊂ V is an independent offensive alliance in Γ such that |S| =
ai(Γ) < γi(Γ), then there exists at least one vertex v ∈ V such that v /∈
(S ∪ ∂S). Hence, ∑
v∈V \S |NV \S(v)|
2
≥ 3. (7)
By (6) and (7) we obtain the upper bound. On the other hand, since S is an
offensive alliance in Γ = (V,E), then
3|S| ≥
∑
v∈∂S
|NS(v)| ≥
∑
v∈∂S
|NV \S(v)|+ |∂S|. (8)
Moreover, as S is an independent set |∂S| ≥ 3. Thus,
3|S|+
∑
v∈∂S
|NV \S(v)| ≥
3n
2
. (9)
By (6) and (8) we obtain de result.
Example of equality in above bounds is the complete bipartite graph
Γ = K3,3. In this case ai(Γ) = 2.
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